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In this note, we shall discuss a Hopf algebraic approach to the construction of ind-affine groups (afline groups of Shafarevich types) associated with some types of infinite dimensional Lie algebras.
It is well known that a complex Lie algebra determines a Lie group up to local isomorphisms, and therefore determines a unique connected simply connected Lie group. As for the algebraic groups, G. Hochschild has shown that for a finite dimensional Lie algebra L over an algebraically closed field F of characteristic 0 whose radical is nilpotent, there exists a connected simply connected algebraic group G such that the Lie algebra of G is isomorphic to L. In particular, he has shown that if L = [L, L] , the dual Hopf algebra U(L)' of the universal enveloping algebra U(L) of L is the coordinate ring of the algebraic group G (cf. G. Hochschild [3] ). For a semi-simple Lie algebra, there are some other methods to construct such an algebraic group attached to it. One method is to use linear representation of the given Lie algebra (C. Chevalley); the other is to determine the group by generators and relations (R. Steinberg). These methods have been generalized to construct groups attached to Kac-Moody Lie algebras and have been investigated by many authors (G. V. Kac [7, 8] , G. V. Kac and D. H. Peterson [9] , J. Tits [12, 133) . G. V. Kac [9] has shown that the group has a structure of an infinite dimensional algebraic group in the sense of Shafarevich (cf. 3.3 and I. R. Shafarevich [lo] ). In this paper, generalizing Hochschild's theory, we shall give a method to construct indafline groups (a generalization of groups introduced by Shafarevich) directly from the given Lie algebra of some types called integrable. Here the definition of integrable Lie algebra is somewhat different from that given by V. G. Kac [IS] and it may be regarded as a generalization of some types of (finite dimensional) algebraic Lie algebras.
Let L be a Lie algebra over a field F of characteristic 0 generated by a system of generators lY A representation (n, V) of L, where V is not necessarily of finite dimension is called r-integrable if n(x) is locally nilpotent for all x E r. A Lie algebra L generated by r is called r-integrable if I-is finite, (ad, L) is r-integrable, and there exists a faithful r-integrable representation. Note that finite dimensional Lie algebras whose radicals are nilpotent and also Kac-Moody Lie algebras are integrable (cf. Example 4.1). Now, let L be a r-integrable Lie algebra, and let U be the universal enveloping algebra of L. For any positive integer 12, let M, be the left ideal of U generated by xn for all x E I-. Then, U has a structure of a topological coalgebra U, with a base {M, },, N of neighbourhoods of 0 (cf. Definition 2.7). The topological dual UF of Ur is a commutative topological algebra. We can construct a topological Hopf algebra containing Up as a dense subalgebra which plays the role of a dual Hopf algebra in the finite dimensional semi-simple case and it defines an indaffrne group. We do not know under what condition the constructed group is ind-affrne algebraic or under what condition the Lie algebra of the group is isomorphic to the given Lie algebra.
As was shown by G. Hochschild for pro-affine algebraic groups (cf.
[S]), we can show some universality property for the constructed groups but contrary to the finite dimensional case, we do not know how they depend on the choice of a finite integrable system of generators r in the given Lie algebra.
For simplicity, throughout the paper, F is an algebraically closed field of characteristic 0.
TOPOLOGICAL HOPF ALGEBRAS AND THEIR DUALS

Topological Vector Spaces
A vector space V over F is called a topological vector space if it is a topological group with respect to addition with a base B= { Vm}lt, of neighbourhoods of 0 consisting of subspaces of V. We give F the discrete topology. V is called separated if (0) is closed or equivalently 0, V, = 0. For a given family 98 = { V, } ~ E, of subspaces of V such that (N) For any ~1, /?E Z, there exists an element y ~1 such that v,c v,n v/T, V has a unique structure of topological vector space with 99 a base of neighbourhoods of 0. Hereafter, we call 93 simply a base. We can define naturally topologies on subspaces, quotient spaces, dual spaces, direct products, direct sums, projective limits, and inductive limits of topological vector spaces, For the basic concepts and properties on topological vector spaces and topological coalgebras discussed in this section, we refer the reader to M. Takeuchi Let V be a topological vector space with a base B,,. = { V, jaE, and let P= &r V/ V, be the completion of V. The vector space V" of all continuous linear maps from V into F can be identified with l&r (V/V,)* which is a topological vector space by inductive limit topology, where (V/V,)* is considered as a topological dual to the discrete space V/V,. For topological vector spaces V and Wand a continuous linear map p : V-P W, there exists a linear map p" : W" + V" defined by
for all x E V and fE W", which is continuous. Let V be a topological vector space with a base g= Wd. The canonical continuous map (V/V,)* -+ V" induces a continuous map Voo + ( V/V,) *' Since ( V/V,)*" is canonically isomorphic as . a vector space to V/V,, the map induces a canonical continuous bijection .
WV.
Voo + t, but it is not necessarily a homeomorphism (cf. [ 11,4.6] ).
Dual of the Tensor Product
Let V, W be topological vector spaces with bases Bv = ( V, },, ,, glv= i W&kJ~ and let V", W" be their topological duals. Then P"o@ IV" is isomorphic as a vector space to We define on the vector space V"@ W" the inductive limit topology of the space l& ((V/V,)*@ (W/W,)*) and call this topology the dual tensor product topology and denote the topological space by V" Qd W". The continuous linear maps ( V/V, ) * 0 ( W/W, ) * -+ V"@ W" induce a continuous bijection z4: v" @d w"-+ VO@ w". which satisfy the axiom of coalgebra structure maps. We see that A0 is a topological coalgebra by dual tensor product topology and it is called the dual coalgebra of A. is a topological vector space with inductive limit topology. The topological dual (V" Od IV')' of I" Od IV0 is denoted by Voo Odd IV@'. Then there exists a canonical continuous bijection If C (resp. A) is a topological coalgebra (resp. topological algebra), then Coo (resp. A"") is a topological coalgebra (resp. topological algebra) by the dual of the dual tensor product topology. Further, there exists a continuous bijection of the coalgebra homomorphism Coo + c (resp. algebra homomorphism Aoo -P A). If H is a topological Hopf algebra, then the completion Z? of H has also a structure of a topological Hopf algebra induced by the structure of H. We call fi the completion of H. For a topological Hopf algebra H, the topological dual Ho has a structure of a topological Hopf algebra with respect to the dual tensor product topology. We call Ho the dual Hopf algebra of H. Also H O" has a structure of a topological Hopf algebra with respect to the dual of the dual tensor product topology and there exists a bijective continuous homomorphism of Hopf algebras from Ho0 onto fi.
Topological Hopf Algebras and Their
Examples
(1) Let H be a Hopf algebra with discrete topology; then the dual space H* of H has a structure of a topological Hopf algebra with respect to the dual space topology. This is the dual Hopf algebra of H.
(2) Let A be an algebra and let {M, } cI t, be a family of subspaces of A with a directed index set I such that (A,) M,cM, if a>/?, (A*) q(F) d M, for all aEZ, (A3) for any a E Z, there exists /I E Z such that
Then A is a topological algebra with a base {M,}.. ,. Also, let C be a coalgebra and let {N,},,, be a family of subspaces of C with a directed index set I such that Then C is a topological coalgebra with a base {N, } oL E ,.
(3) Let H be a Hopf algebra and let {M, }IE I be a family of proper two sided ideals with a directed index set Z satisfying (C,), (C,), (C,), and further (S) For any a E Z, there exists p E Z such that SM,CM,.
Then H has a structure of a topological Hopf algebra with a base {M,I..P Also, let H be a Hopf algebra and let {N, }ac, be a family of coideals with a directed index set I satisfying (A,), (AZ), (A3), and (S). Then H has a structure topological Hopf algebra with a base {N, }IG ,. In particular, let H be a Hopf algebra and let {M, } rE, be the set of all proper finite codimentional two sided ideals of H and the order of I is defined by I 3 p if and only if M, c 44,. Then the family (M, } oL E, satisfies (C, ), (C, ), (C,), and (S). Thus H has a structure of a topological Hopf algebra with a base {Ma IIrE,. The dual Hopf algebra Ho is a discrete Hopf algebra. This is the usual dual Hopf algebra of H.
IND-AFFINE GROUPS
Ind-Afline Varieties
Let A be a complete commutative algebra over F. A is called an algebra of Shafarevich type if A is a projective limit lim A, of discrete commutative algebras A, such that the index set I is a countable directed set and the homomorphisms pLaa : A, --t A, are surjective for all c1 d /$ c(, p E I. From the condition, the canonical homomorphisms u,: A + A, are surjective and A can be identified with lim A/N,, where N, = ker u, and {N, }a E, is a base of A such that nI, N, = 0.
The set X, = TAlg,(A, F) has a structure of topological space with the family of closed sets consisting of
for all ideals M of A. The topology is called Zariski topology and X, is called an ind-affine variety associated with A. In particular, if A is discrete, then the associated variety X, is called an atline variety and further, if A is a finitely generated algebra, then X, is called an affrne algebraic variety. Ind-affine variety is an inductive limit of aftine varieties. For the algebra A =b A, of Shafarevich type, if A, are finitely generated, then the associated variety X, is an inductive limit of affme algebraic varieties and it is called an ind-afine algebraic variety. Let A, B be algebras of Shafarevich type and let X,, X, be the associated ind-atline varieties. For a continuous homomorphism U: B + A of topological algebras, the continuous map
is called a morphism of X, into X,. Denote by Var,(X,, X,) the set of all morphisms from X, into X,. Var,(X,, F) has the structure of a commutative algebra over F and is called the coordinate ring of X, which can be identified with the topological algebra A,,,, = A/R, where R is the intersection of all closed maximal ideals ker x for all XEX,, namely R= {f~A;x(f)=O for all x E X, }, which we call the radical of A. Note that if A is a (discrete) finitely generated commutative algebra, then R is the nilradical nil A of A and Ared = A/(nil A). In general, if A is a (discrete) commutative algebra, then A is an inductive limit l& A, of finitely generated subalgebras A, of A. The map cpol from the set iker xLxA of maximal ideals of A into the set { ker x, },,, xA of maximal ideals of A, defined by q,(M) = Mn A, is surjective. Th;s, we have R,=RnA, and
Therefore. we have 3.1.2. PROPOSITION. Let A = lim A, be an algebra of Shafarevich type. Then Ared = lim A,/(nil A,).
ForxEXA,letM,=(fEA,,d;
x(f) = 0} be a closed ideal of Ared and let Mc2) be the closure of Mz in Ared. The topological vector space Q:= M,/Mi2' is called the cotangent space to X, at x and the topological dual T,(X,) = TMod,(SZ,, F) is called the tangent space to X, at x. TX ( XA ) is the vector space over F consisting of all continuous linear maps 6 from A red into F such that 6(fg) = S(f) g(x) +f(x) 6(g) for all f, g E Ared.
The direct product X, x X, has a structure of Ind-ahine variety associated with the algebra A @ B of Shafarevich type which we call the direct product of X, and X,.
Ind-Affine Groups
Let A be a topological Hopf algebra whose underlying algebra is of Shafarevich type. We call A a Hopf algebra of Shafarevich type. Then G =X, has a structure of a group such that the map GxG+G, (x,Y)+xY-l is a morphism of ind-affine varieties and G is called an ind-affine group. In particular, if the underlying variety of G is ind-affine algebraic, afline, or affine algebraic, we call G an ind-affine algebraic group, afline group, or afline algebraic group, respectively. Ind-affme algebraic groups were introduced by I. R. Shafarevich and were called infinite dimensional algebraic groups (cf.
[IO]). Let G be an alTine group associated with a (discrete) commutative Hopf algebra A. Then the Hopf algebra A is an inductive limit lim A, of finitely generated sub-Hopf algebras A, of A. Therefore, G -is a projective limit of afftne algebraic groups G, = Alg,(A,, I;) and it is called also a pro-aftine algebraic group (cf. [4] ). is faithful but L is not r-integrable. Note that L is the Lie algebra of the linear algebraic group G= (3) Let L be a finite dimensional semi-simple Lie algebra over F. Let L=H+C,., Fx, be a Cartan decomposition of L, where H is a Cartan subalgebra of L and @ is the root system of L with respect to H. Take a base Z7= {a,, . . . . CQ} of @ and set r= (x,,, . . . . x,,, x-,,, . . . . x-,,}. Then ris a finite integrable system of generators for L and L is an integrable Lie algebra.
(4) Let L be a finite dimensional Lie algebra over F. If the radical of L is nilpotent, then L is integrable. In fact, by Ado's Theorem, there exists a faithful representation (n, V) of L such that z(x) is nilpotent for all x E YV, where N is the maximal nilpotent ideal of L and in our case, N is the radical of L. Since L has a Levi decomposition L = N + S, where S is a maximal semi-simple subalgebra of L. If we take a system r of generators for L consisting of a base of N together with a generator system for S as in Example (3), then it is a finite integrable system of generators for L and L is an integrable Lie algebra.
(5) Let A be a generalized Cartan matrix. i.e., 1 x Z-matrix A = (A ii) satisfying (Cl) Aii = 2, (C2) A, d 0 if i #j, and (C3) if A, = 0, then A,, = 0. Let L be the Kac-Moody Lie algebra over F associated with A, i.e., the Lie algebra generated by 31 elements {x,, . . . . x,, h,, . . . . h,, y, Set r= {x,, . . . . x,,y,, . . . . y,}; then it is a finite integrable system of generators for L and L is an integrable Lie algebra.
Representative Functions
Let L be a Lie algebra over F generated by a finite set r with 1 elements, and let U= U(L) be the universal enveloping algebra of L. For any integer n > 1, let M, be the left ideal of U generated by xn for all XE ZY Then the family {M,)naI, where I is the ordered set of positive integers, satisfies conditions (C,), (C,), and (C,) of 2.8. Thus U is a topological coalgebra with a base {M,},,, which we denote by U,. Let U> = l&~ (U/M,)* be the topological dual of U,, a commutative topological algebra with respect to dual tensor product topology.
Let (rr, V) be a r-integrable representation of L. Then V can be regarded as a U-module. Take a base {v, } 1E J of V over F and let X(U) v, = c Q&4 up, UE u. /1
Then rcEfl is an F-valued function on U. We denote by R(n) the subalgebra of the dual algebra U* of U with respect to the discrete topology generated by rraB for all CL, p G J and we call R(n) the algebra of representative functions of rc which is independent of the choice of a base of I'. Then, we have the following.
PROPOSITION.
Let L be a Lie algebra over F generated by a finite set r and let (n, V) be a r-integrable representation of L. Then R(n) t U>, where U> is the dual algebra of the topological coalgebra U,.
ProoJ It suffices to show that the function rcaB on U, is continuous. Since r is a finite set and n(x) is locally nilpotent for all x E r, for a given CI E J there exists an integer n such that z(x)" u, = n(x") u, = 0 for all x E r. Therefore, rr(uxn) u, = n(u) rc(Y) II, = 0 for all x E r and all u E U. Thus, we have ntiD(M,)=O for all cr,fi~J. We shall prove the following basic result which is essentially due to Harisch-Chandra's Lemma (cf.
[21]) on the representation of finite dimensional Lie algebras.
4.3.1. PROPOSITION. Let L be a Lie algebra ouer F generated by a finite set r such that (ad, L) is r-integrable. Let U be the universal enveloping algebra of L and for an integer n > 0, let M, be the left ideal of U generated by xn for all x E r. Then L has a faithful r-integrable representation if and only tf n, M, = 0, i.e., U, is separated by the topology defined by {M,},, ,.
First, we shall prove a lemma. 
Proof of 4.3.1. Since (ad, L) is r-integrable., from Lemma 4.3.2, the right multiplication u + uu by u E U, is a continuous map from U, into Ur. Therefore, its dual n(u) defined by rc(u)f(v) = f (vu) is a continuous map from U$ into U> and it defines a representation (x, UF) of Ur Let L be an integrable Lie algebra over F with a finite integrable system of generators r. Let U = U(L) be the universal enveloping algebra of L; let M, be the left ideal of U generated by xn for all x E r, let U, be the topological coalgebra with a base (M, }n E ,; let 6, = lim U/M, be the completion of U,. Then oi, is a complete topological coalgebra and from Proposition 4.3.1, U, is a dense subcoalgebra of o,-. The topological dual UF of U, is a commutative topological algebra with respect to the dual tensor product topology. Note that there exists a canonical continuous bijection Uy + 0,.
For an element x E r, let U, be the sub-Hopf algebra of U, generated by x which is the polynomial algebra F(x) with one variable x over F and which has the comultiplication, counit, and antipode defined by Ax=x@l+l@x, &X=0, sx= -x.
Further, U, is a topological sub-Hopf algebra induced by the topology of 17~. The topological dual H, of U, is a discrete Hopf algebra and it is a polynomial algebra F[<] over F, where 5 is defined by Qx") = 6,1 for all non-negative integers n and satisfies ("(x") = m! 6,,. F [t] has comultiplication, counit, and antipode defined by
The canonical continuous bijection H", -
is an iso-morphism and we have the aMine group G., = Alg,(H,, F) = G(Ht ) consisting of the elements
,,=(I ?I! for all t E F, and G, is isomorphic to the additive group G,(F) of F. Note that if (71, V) is a faithful representation of L. for which Z is integrable, exp trc(x) is a well-defined automorphism of the vector space V. We shall construct in 5.4 an ind-affine group such that the group is contained in 0, and contains G, for all x E f which we call the one parameter subgroups. To construct the group, we shall first introduce the Z-filters on the topological coalgebra U,. We denote by U,, the topological coalgebra with inductive limit topology of the topological coalgebras D,. Then the identity map from U,, onto Ur is a continuous bijective homomorphism of topological coalgebras. The dual algebra UF, e of U, G is the projective limit of the dual algebra Let C, be the subspace of U, spanned by r-monomials of r-length bp. Then, C, is a topological subcoalgebra of U, and the family Y = {C,),, , is a r-filter of U= which we call the Rilter defined by r-length. Note that C, is stable under the antipode S of U.
Let @, Y be the r-filters defined as above and let U,,, U,, be the topological coalgebra with inductive limit topology of topological coalgebras (D,},,,, { CP}PEI, respectively. For any coalgebra D,, there exists a coalgebra C, such that D, c C,. Therefore, the identity map from U onto U induces bijective continuous homomorphisms CJ, r, cp, and rl/ of coalgebras uisuch that cp = II/. z. The dual maps of (r, r, cp, and $ induce continuous injective homomorphisms of algebras such that cp" = 2'. II/". Let y= {Cplptl be as in the previous section. We shall introduce another topology on U,,. Let p, q be positive integers and set v,,,= 1 CqXrn, Wp,n=Cp" vp+,,n.
m2n It I-W,,, is a subset of C, n M,, and the underlying coalgebra of C, has a structure of a topological coalgebra with a base { Wp,n}ntl which we denote by CP. Let U;lV=b CL be the topological coalgebra with inductive limit topology of topological coalgebras CL and let A,, be the dual algebra of U;l,. There exists a canonical bijective homomorphism of topological coalgebras
The dual is an injective homomorphism of topological algebras.
Let Z, be the set of sequences of indices (i) = (i, , . . . . i, ), where 1 6 i, d I (1 6 k<p) and let R, be the set of sequences of non-negative integers r = (rl , . . . . rp). We denote simply by XL,) the r-monomial xi; . x:; of c,.
Since r is a finite set and (ad, 15) is r-integrable, there exists an integer s>O such that (adx)"y=O for all x, y E f.
We shall fix such an integer s once and for all. Then, for a f-monomial xFi,, ifm>(r,+ ... Take m > t, and xmxii) E W,+ ,,n for all (i) E Z, and rE R,,,. Since the set of r-monomials {xii,; (i)~ I,, rE Rp,n} spans C, modulo W,,, , we have x"C, c W,, ,,n for all x E IY Therefore, W p,m=cp+lwp+l,n~ W2p+2,".
Finally, we show that the antipode S: U + U of U induces a continuous map from Uj-,, into itself. This implies that the dual S*: U* --+ U* of S induces a continuous algebra homomorphism from A,, into itself. Since S(Cp,c cp+2
for any integer p > 0, we shall show that the map S induces a continuous map from CL into CL+2. It suffices to show that for any integer n > 0, there exists an integer m > 0 such that S( W,,,) c W,, 2,n. As we have shown above, if we take an integer m sufficiently large, then x"Cp = wp + 2,n for all x E r. Therefore, S( W,,, ) c C, n C, E ,-x"' C, + 1 c W p+2,n.
Thus, A, y has a canonical structure of a topological Hopf algebra. Let A; be the image of A, Y in A, under the canonical homomorphism of A, F into A,. From Proposition 5.3.2, A, and also A; are discrete and we see that A,,,= hA; has a structure of a Hopf algebra of Shafarevich type. 1
Ind-Affine Groups Associated with Integrable Lie Algebras
As we have shown in the previous section, A,, is a Hopf algebra of Shafarevich type; we can define an ind-affme group G i-,~=TAk,(Ar,w F). In this section, we show that A,, is the coordinate ring of G,,. (4) If L is defined over Z, can we construct the group scheme G,, whose Lie algebra is isomorphic to L?
Remarks. (1) It is easy to show that the dual algebra A,,, of the topological coalgebra U, 9 has a canonical structure of a Hopf algebra of Shafarevich type. However, it defines an infinitesimal group, namely G ,-,cn = T&AAr,cn, F) which is the unit group and its coordinate ring is isomorphic to F. In fact, since D, is a finite dimensional subcoalgebra of U, D, is irreducible and the dual algebra of D, is local.
(2) Let r, r' be the integrable systems for L. If Z-c r', then there exists a canonical continuous homomorphism Ur. -+ U, which is called dominant if for any integrable system r' containing r, U,, is homeomorphic to U,-. If r and r' are integrable systems, then Tu r' is also an integrable system. Therefore, there exists a maximal integrable system for L but it is not necessarily finite. A dominant system r is called universal if for any integrable system r', there exists an integrable system r" such that r" 3 r, r'. For an integrable Lie algebra L, if L 4as a universal finite integrable system r, then G,, is universal for the family of groups constructed from finite integrable systems.
